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We present a convex programming algorithm for the numerical solution of the minimum fuel powered descent
guidance problem associated with Mars pinpoint landing. Our main contribution is the formulation of the trajectory
optimization problem, which has nonconvex control constraints, as a nite-dimensional convex optimization
problem, speci cally as a second-order cone programming problem. Second-order cone programming is a subclass
of convex programming, and there are ef cient second-order cone programming solvers with deterministic
convergence properties. Consequently, the resulting guidance algorithm can potentially be implemented onboard a

spacecraft for real-time applications.

Nomenclature
A, B = matrices describing the discrete time
dynamics
I = the function f: IR ¥ IR" over a time
interval [0; teJ
o] = gravitational acceleration vector of Mars
Je = magnitude of Earth’s gravity
H = Hamiltonian of the system
| = identity matrix of appropriate dimensions
I = specific impulse for thrusters
IR = the set of real numbers
IR" = the space of n-dimensional real vectors
m = spacecraft mass
Mot = spacecraft initial mass with the fuel
g = final thrust direction
f, = initial thrust direction
Pk = vector coefficients for basis function
Q[QI=0 = denotes that the symmetric matrix Q is

positive definite

Ry, Ry, R, = functions defining the Hamiltonian

r = surface relative spacecraft position vector

ry = spacecraft initial position vector

r = surface relative spacecraft velocity vector

fo = spacecraft initial velocity vector

Sj, Vj, @; = matrices, vectors, and scalars defining the
convex state constraints

Te = net thrust force vector acting on the
spacecraft

T,and T, = lower and upper bounds on the available
thrust for the thrusters

te = time of flight for powered descent

tH = optimal time of flight
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net control acceleration induced by the
thrusters

unit vector describing a thrust pointing
constraint

augmented spacecraft position and velocity
vector

natural logarithm of mass

constant describing mass consumption rate
slack variable that bounds thrust magnitude
augmented vector of py, K CI51..; M
glide slope angle

Tr

alt
bound on the allowable glide slope angle
costate vector
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1. Introduction

N THIS paper we present a convex programming algorithm for

the powered descent guidance problem for Mars pinpoint landing.
This problem is motivated by future pinpoint landing missions that
are gaining importance due to the renewed interest in the manned and
robotic exploration of Mars. The pinpoint landing problem can be
defined as guiding a lander spacecraft to a given target on the planet’s
surface with an accuracy of fewer than several hundred meters. As a
result, the solution algorithm can also be used to solve the powered
descent guidance problems for the moon and other planetary
pinpoint landing missions.

To ensure a safe landing on Mars, landing sites for first-generation
Mars missions such as Viking and Mars Pathfinder were determined
by considering the scientific merit of various sites as well as the
overall terrain quality (e.g., slope, roughness). Because these
missions were exploratory in nature, the exact location of the landing
site within the error ellipse was not critical. For example, landing
accuracy was approximately 150 km for Mars Pathfinder and 35 km
for the Mars Exploration Rovers. The Mars Surface Laboratory
mission scheduled for launch in 2009 will further increase landing
accuracy resulting in a delivery of the lander to within 10 km.

In next generation Mars missions the need to perform pinpoint
landing will be required. Further improvements in landing accuracy
require enhancements to heritage flight systems and are discussed in
detail in [1]. For example, it may be required to land next to
scientifically interesting targets located within hazardous terrain, or
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to land in close proximity to other prepositioned surface assets such
as a rover from a previous mission. Further, human missions will
require the crew to land near prepositioned cargo or fuel.

Mars pinpoint landing involves an entry phase through the Mars
atmosphere, a phase of descent with a parachute, and then the final
phase of powered descent, which is initiated with the parachute
cutoff. The powered descent guidance problem for pinpoint landing
is defined as finding the fuel optimal trajectory that takes a lander
with a given initial state (position and velocity) to a prescribed final
state in a uniform gravity field, with magnitude constraints on the
available net thrust, and various state constraints. A version of this
problem is also known in the optimal control literature as the soft-
landing problem [2], and its solutions have well-known character-
izations ([3] pp. 28-33). One important characterization is that the
net thrust magnitude must be either at the minimum or maximum
value at any given time during the maneuver. A closed-form solution
of the problem for the 1-D case (with vertical motion only) is given
by [2,4]. However, to the best of our knowledge, a closed-form
solution of the optimal thrust profile is not available for the general 3-
D case with additional state and control constraints. A trajectory
based on a quartic polynomial in time was used during the Apollo
mission [5]. Various other approaches to obtain both numerical and
approximate solutions of the pinpoint landing terminal guidance
problem have been described over the last few years. More recently,
in [6] the first-order necessary conditions for the problem are
developed, and it is shown that the optimal thrust profile has a
maximum-minimum-maximum structure. Numerical solutions are
obtained for various initial conditions by converting the guidance
problem into a constrained nonconvex parameter optimization
problem using both direct collocation and direct multiple shooting
methods. In [7] Legendre pseudospectral methods are used to
develop a numerical solution to the pinpoint landing guidance
problem. In [§] an approximate analytical solution is developed by
solving a related optimal control problem that does not use a
minimum fuel cost functional.

Direct numerical methods for trajectory optimization are attractive
because explicit consideration of the necessary conditions (adjoint
equations, transversality conditions, maximum principle) are not
required [9]. The infinite-dimensional optimal control problem is
directly converted into a finite-dimensional parameter optimization
problem [10-12], which is then solved via a nonlinear programming
method. However, a real-time onboard solution of a nonlinear
program via a general iterative algorithm may not be desirable
without explicit knowledge of the convergence properties of the
algorithm. Because Mars pinpoint landing requires real-time
onboard computation of the optimal trajectory, it is essential to
exploit the structure of the problem to design algorithms with
guaranteed convergence to the global optimum with a deterministic
convergence criteria. This leads us to formulate the problem in a
convex optimization [13,14] framework. Specifically, we formulate
the resulting parameter optimization problem as a second-order cone
programming problem (SOCP) that is a subclass of convex
programming [15]. SOCP problems have low complexity, and they
can be solved in polynomial time. There exist algorithms, such as
interior-point methods [16—18], that compute an optimal solution?
with a deterministic stopping criteria, and with prescribed level of
accuracy. This implies that the global optimum can be computed to
any given accuracy with a deterministic upper bound on the number
of iterations needed for the convergence of the iterative algorithm.
Therefore, numerical SOCP solution algorithms are very promising
for real-time onboard computations.

We first formulate the powered descent guidance problem for the
pinpoint landing as a fuel optimal trajectory optimization problem
with state and control constraints. The primary nonconvex constraint
in the resulting optimal control problem is on the thrust magnitude.
The thrusters cannot be turned off once they are initiated during the
maneuver. Further, there are minimum thrust levels below which the

*Throughout the paper, optimal solution of an optimal control or a
parameter optimization problem will always refer to a global optimal solution
of the problem.

thrusters can not operate reliably. Because the spacecraft is modeled
as a point mass with a single thruster, there is a lower nonzero bound
on the thrust magnitude that defines a nonconvex feasible region in
the control space. We introduce a slack variable to relax this
nonconvex constraint. Next, it is shown that any optimal solution for
the resulting relaxed problem is also optimal for the original problem.
Then we approximate the relaxed optimal control problem as a finite-
dimensional parameter optimization problem via representing the
control input by a finite set of basis functions, which leads to a finite-
dimensional convex parameter optimization problem; more
specifically it leads to a SOCP. Additionally, we consider thruster
pointing constraints and extend our convex solution approach to
handle this constraint via a heuristic. Finally, we present some
simulation results for an example spacecraft.

Our guidance algorithm involves solution of a SOCP, which has a
global optimal solution that can be computed very efficiently by
readily available primal-dual interior-point method algorithms with
guaranteed convergence to the optimal solution [17,19]. The primal-
dual interior-point algorithms are also robust in the sense that, for any
given neighborhood of the optimal solution, there exists a finite
bound on the number of iterations required for convergence of the al-
gorithm. Consequently, the resulting guidance algorithm can poten-
tially be implemented onboard. This is the major motivation for the
proposed approach because the guidance algorithm must be executed
autonomously onboard the spacecraft. Note that a generic nonlinear
programming algorithm is not appropriate for onboard use because,
in general, there exists no guarantee on the convergence to an optimal
or even to a feasible solution in a predetermined number of iterations.
It is also shown in [20] that the size of the region of feasible initial
states, for which there exist feasible trajectories, can be increased
drastically (more than twice) with this approach relative to the
traditional polynomial-based guidance approaches mentioned ear-
lier. However, one has to be careful about the size of the resulting
SOCP problem. Depending on the basis functions used to approxi-
mate the control inputs and the discretization of the time, the size of
the resulting SOCP can vary significantly. This increases the cost of
the computations for each iteration, which is a concern despite the
fact that there is a known upper bound on the number of iterations
needed for a desired level of convergence to the optimal solution.
One way to mitigate this problem is using basis functions that can ap-
proximate an optimal control profile with fewer number of functions
such as Chebyshev polynomials. Furthermore, future work is needed
to further improve the efficiency of the computations by implement-
ing a SOCP solution algorithm specifically tailored for this problem.

The paper is organized as follows: Sec. II presents the continuous-
time optimal control problem for Mars pinpoint landing with the
control and state constraints, Sec. III presents the main technical
result for the convexification of this problem and the resulting
relaxed problem (whose optimal solution is also feasible for the
original problem), Sec. IV presents the discretization of the
continuous-time problem and the resulting finite-dimensional
parameter optimization problem, Sec. V presents some simulation
results with the thruster magnitude and the state constraints, Sec. VI
describes a heuristic to expand the convex solution approach to
handle the thruster pointing constraints, and Sec. VII summarizes the
conclusions of this paper.

II. Problem Formulation

In this section, we describe the trajectory optimization problem for
a generic spacecraft performing pinpoint landing on a planet with
uniform gravitational field. This problem description also includes
Mars powered descent guidance. Because the powered descent phase
of alanding mission starts at a low altitude relative to planet’s radius
(this altitude is less than 5 km for Mars landing), the uniform gravity
assumption is appropriate. Other forces such as aerodynamic forces
due to winds are neglected in optimal trajectory design and they will
be treated as disturbances. The aerodynamic forces are dominant in
the atmospheric entry, where velocities are in the order of several
thousands of meters per second, and the parachute phases of the
mission. At the start of the powered descent phase, the parachute is
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Problem 1:

max m(E 1T min /‘f KT, [EIkidt
0

te;To M te;Te I

subject to i TG I TJIT=mIT]
0< , CKT,HK 3,

kS;xE Tk [CCIKE T &l C0)
mOCCm),;  rOCCT)
r [ CL i L0

where , |, ,, Sj, aj, ¢j, Iy, I, are constant parameters defined in
(1-5)and (8).

Remark 2: In Problem 1, inequality (3) defines nonconvex
constraints on the control input.

Remark 3: Thrust direction can also be constrained at the start and
at the end of a maneuver as

T QO KT, [QIKA,; T, [ CT KT, [f} K¢ (12)

where A, and s are unit vectors describing the desired thrust
directions.

m ECT_LIKT, (1K
r, 1 al
j OI3..;ng
i 0T 1,1

III. Convexi cation of the Control
Magnitude Constraint

In this section, we first introduce the following modified version of
Problem 1:

Problem 2:
min | TEEt  subject to MECLLINEL]  (13)
te; T IIT I
kT, [IK T (14)
0< |, [THIr1 4 (15)
FfOCT g I T =m0 r, 10l
kSjxA Tk [k Tall 0l j CI..;ng
mQCTm),; rlOCLrg] g [0)/ N |
rif I rArrol
where , |, ,, Sj, aj, ¢j, Iy, f, are constant parameters defined in

(1-5) and (8).

Problem 2 is obtained by introducing a slack variable I' to
Problem 1. T replaces KT¢K in the cost and in Eq. (2) and inequality
(3) in Problem 1, and it introduces an additional constraint KTk [T
Because Problem 2 is merely a relaxation of Problem 1, a solution of
Problem 1 clearly defines a feasible solution of Problem 2. However
afeasible solution of Problem 2 does not necessarily define a feasible
solution of Problem 1. Here we introduce the main technical result of
this paper in Lemma 1 that states that the optimal solution of the
relaxed problem is also an optimal solution of Problem 1. This leads
to aconvex solution approach to anonconvex trajectory optimization
problem given by Problem 1, which is obtained by solving
Problem 2.

Lemma 1: Consider a solution of Problem 2 given by
5T AL T 0 Then, ©ETHIDis also a solution of Problem 1
and KTHEIK [ Jor KTHHIK [ lfor t 2 0; tE8

Proof: The Hamiltonian for Problem 2 is given by [23,24]

T
HXEm; T, T, o O [k, IEiInE g C15T (16)

where x [IXJ; x] (U is the part of the state vector with the position and

the velocity, o CO] [I0J; ,; ;0 21IR7 is the costate vector.
We first state a general form of necessary conditions of optimality
giveninp. 186 of [23] (Pontryagin’s maximum principle). To do that
define the state vector y [IX1; mf 2 IR” and a vector v [ITJ; T'1.
Since the set defined by control constraints, W, is a fixed set, any
optimal solution defined by the pair ™ v {1 on [0; tfomust satisfy
the following: There exist , [0Jand an absolutely continuous
vector function such that

1)0,; OFT1 08 t2 D;thnd

' Ef%g-aﬂ?wf? o O (17)

2) Pointwise maximum principle given below must be satisfied®

HMYHELVSET] ; (THIYHRLY; ; C08v2Ww

(18)
ace: on t 2 0;tFB

3) The following transversality condition must be satisfied:

Let 2yTv™ - T, then the vector [ MIMICTON
[(HIOGEHT EHT0 must be orthogonal to the vector

0; y "I th Y HHED

The first necessary condition (17) implies that

I N 19)

Y, CI1 (20)

: QTTD
3 m 2'c

Note that the transversality condition with the given end conditions
on the position and velocity vectors at t [0 hnd t CISbf this

problem imply that

s(tf ton H( (4)) o
Now we show by contradiction that ,FT T 0,18 t 2 [0; tFis not
possible. Since ; is constantand ;EETOIf , O then ; O]
aswellas ; [0 Bince H ] EHITT 0, this implies that , [OTThis
violates the first necessary condition for optimality because it leads to
Oy, O 018 t 2 0;tH Consequently, ,ET T 0 for all t 2
[0; tfBdoes not hold. This implies ,H T T1,t [alfor some
constant a. Since , is not identically zero, it can be zero at most at
one point on [0; tflWe can express the Hamiltonian as

HXOALMELT; T o, GO RIED CRJIGCT, [CRJEC121)
where

Ro LT T, LT I;

and X, 2 IR? contains the velocity components of the vector,
X 2 IR®. Since , [ 0, a.e. on 0; tFIM™HT> 0, and H depends
linearly on T, the pointwise maximum principle given by (18)
implies that, for the optimal solution,

KT RIK CTHET]

R, Il 1,00

aze: on [0; tFB (22)
This also implies that

SHere almost everywhere (a.e.) on [0; tyCmeans that the condition is valid
on a set of points in the interval with an exception of a set of points with
measure zero [25]. For simplicity, a.e. on 0;tfHcan be replaced by
8t20;t8






1358 ACIKME E AND PLOEN

J YL S P T I L Y O 8 YIELIIR F

Note that there is no constraint on the final time (time of flight) t¢ in
Problem 2. However, because there is limited fuel onboard a
spacecraft, there is an upper bound on time of flight t,,. Therefore,
we will only consider feasible solutions with t¢ 2 [0; t,,,,, [for the rest
of the discussion. Given this upper bound on t¢ and the fact that all the
feasible position and velocity vectors, the spacecraft mass, and the
control inputs are in compact sets, guarantees the satisfaction of first
three conditions of Theorem 1 by Problem 2. The fourth condition is
also satisfied. Now we show that the fifth condition is also satisfied,
which demonstrates the existence of an optimal solution when the set
of feasible solutions is nonempty. To do that, note that we have the
following for Problem 2:

Q& mIT; 2,;25; 2, G2, and z, 2 IR;Z,; and z;3 2 IR?: 7,
[T1Z;25,2,L1T ;g CTEm; COCT, LTI g KTk
13

This implies that [Z};2,; z;; 2,2 Q "I x; mdf and only if it
satisfies

z, 13 ; z, 111 z; Cg T TFm; z, X1
[z CH’Tk; k(z) Cglmk CT¥.] kT .k I
, 3

Since all of the preceding equalities are linear, and the inequalities are
either linear or second-order cone constraints, the set Q Mt m s
convex. By using Theorem 1, this concludes that Problem 2 has an
optimal solution when it has a feasible one.

B. Change of Variables

In this section we introduce a change of variables that will be
useful in constructing the numerical solution algorithm for
Problem 2. The change of variables will lead to Problem 3 (given
later in this section) that is a continuous-time optimal control
problem with a convex cost and convex state and control constraints;
particularly with second-order cone or linear state and control
constraints.

Consider the following change of variables:

r T
£° ad ut-=® (25)
m m
Equations (1) and (13) can then be rewritten as
FECTudTr I gl (26)
mrd
@EED[ED 27

From Eq. (27),

m[ﬂ:lﬂexp[ lsz [1d i|

Because > 0, minimizing fuel [or maximizing m[{} (Jls equivalent

to minimizing
T
{Idt
0

The control constraints are expressed in terms of the new variables u
and as follows:

kuflk W] 8t20;t0 (28)

1 2 . .
m[ﬂljl:mj:ﬁl[ﬁj 8t210;t:0 (29)

Remark 5: When we consider Problem 2 with the new variables,
the following is satisfied for any pair of optimal controls u*4nd &'

ku™HIK 98T 8 t2 0;tiH

Note that the inequalities in (29) define a convex region for the
control input U for a prescribed mass profile m[fLdn [0; t¢[IJHowever,
when we consider m as a variable of the problem, these inequalities
become bilinear, and hence they define nonconvex constraints. The
following variable is introduced to resolve this issue and convexify
the inequalities in (29):

lam (30)
Then Eq. (27) is written as
i NN €1V
and the inequalities in (29) become
IO HIT Je™™ 8t 2 0;t:0 (32)

The first part of inequality (32) defines a convex feasible region, but
the second part does not. Here, we obtain second-order cone or linear
approximations of these inequalities that can be readily incorporated
into our solution framework. To do that, we use the Taylor series
expansion of e™! The first part of inequality (32) can be
approximated by a second-order cone (by using the first three terms
of the Taylor series expansion of e )'as

ez A o

where z;, is a given constant. For the second part of inequality (32),
we use a linear approximation of e Z{by using the first two terms of
the Taylor series expansion of € )'to obtain

[ Je™11 12 [z
Letting

£ e £ el (33)

1 ’ 2

we obtain the following second-order cone and linear approx-
imations of the inequalities in (32):

1[ﬂjﬁ1 mmm&@] (i)

(34)
[JOfl (AT ZJEng; 8 t2 0;te0
where
z, 1T Tudm,,, C1,tC] 35)

and m,,, is the initial mass of the spacecraft, that is, z, ik a lower
bound on z[fIdt time t. To ensure that the physical bounds on z are
not violated, we impose the additional constraints

o ., 1, tCCZIACT Tl C1,tC] (36)

An approximation of Problem 2 can now be expressed in terms of the
new control variables:
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Problem 3:

i

min Ldt subject to FELCT Ul T g1
te; Ul M)

T TTIAT] ku Ikl T
][ﬂiﬁl mm&@] (il

[0l [(ZHCZg
(o [, 1 tCTZI T T, C1,t0]

kS;xELLvk CEKETallol  j CL1..;n,
mOCLm),;  rOCCr)  FOCIE]
r g O} L0

where , |, 2, Sj, @;, Cj, Iy, Iy are constant parameters defined in
(1-5)and (8),and | and , are functions defined by (33).

Remark 6: In Problem 3, the thrust direction constraints at the start
and end of a maneuver given by (23) can be described by using the
new control variables as follows:

uOCT— 1A, ulf} 115} (A 37
where f, and ¢ are described in (12).

The approximation of inequalities (32) given by (34) and (36) is
generally very accurate for both parts of the inequality. Actually we
can compute bounds on the errors introduced by these
approximations. To do that, first we use the following relationship
for the Taylor series expansion [26] of e For any z 2 [Z,;z,[]
where z, [Tulm,,. [1,tCthere exists Z 2 [Z,; z,[buch that

e@@[l (2 g g2 20
2 6
Lazr]

Letting P, AT T0DaZITITEE ™ (percent approximation error)
and using z [Tadm, we have

[ELD [0 (FI=, (1T
pe, T =

where MALCTeF ™ m, C&T™'Note that, for any given time t,
A [EITM (T2 [, [EE, [T where m, ECTR,, [ 1,t
m,Grrmj, 1t

This implies the following bounds on the percent approximation
error for the left-hand side of inequality (32):

m m 3
o Cpy YT (. .
O It (o (38)
By using similar steps, we can also establish a bound on the percent
error for the right-hand side of inequality (32), which is denoted by

Pe2>
m, L) (m,G0\?
0 Iﬂzmﬂﬂﬁnﬁ n( ﬂ (39)

Moy

Figure 4 presents an example showing the accuracy of the
approximations on an example problem that will be introduced later
in the paper. In this figure, we compute the maximum percent error as
a function of time, thatis: Given 0 [T T f¢] we compute the bounds
on the errors Pe; and Pg, that are given by inequalities (38) and (39).
The figure clearly shows that the inequalities (32) are not
compromised for all practical purposes when they are approximated
by inequalities (34) and (36).

Furthermore, the following lemma establishes the fact that, if there
exists a solution of Problem 3, then there exists a solution of the

25 T T T T T T
g
o ~ - Boundon
g Pe2
w 2k 4
c 4
ie] ’
T ,
£ ’
X ’
S 15 . 4
o ’
Q ’
< .
o e
(0] 1* "’ -
o .
c rd
] e
3 .
5 -7
305 . |
.
f”
-
4’—
0 a=="" . T 1
0 10 20 30 40 50 60 70

time, sec
Fig. 4 Error bounds for the approximation of e*.

problem with inequalities (34) and (36) replaced by inequalities (32).
Therefore, by solving Problem 3, one never obtains solutions which
violate the constraints of the physical problem.

Lemma 2: 1f there exists a feasible solution of Problem 3, then this
solution also defines a feasible solution of Problem 3 when
inequalities (34) and (36) are replaced by inequalities (32), that is,
when the exact control magnitude constraint is imposed.

Proof: The only difference between the two optimization
problems is the approximation of constraint (32) by (34) and (36). To
prove the claim of the lemma, we only have to show that the interval
on the real line defined by (32) contains the interval defined by (34)
and (36) for all t. For that, first consider the lower bound in (32),
where e s approximated by a Taylor series up to quadratic terms
around z,,, where z;, is a known lower bound on z from constraint
(36). Because e Zhas continuous derivatives, we have the following
by using the Mean Value theorem [26]:

e™ Iﬁ[l [LEZIT T Z I Iﬂ@]
Iﬁﬁ N PA S|
6
where Z 2 [Z,; zIThis implies that
e 'l_‘*'|:l [ZRT T ZIE Iﬂ@] e

The preceding inequality shows that the lower bound in (34) is larger
than the lower bound in (32).

To prove the claim on the upper bounds, we use similar arguments
by noting that

e ZCe¥| [ERITZIg lﬂ@

for some Z 2 [Z; z[JThis implies that

e ¥ [ZAL Lz Jilg e’

which proves that the upper bound in (34) is smaller than the upper
bound in (32). This completes the proof.

IV. Discretization of Problem 3
and a Solution Algorithm

In this section, we apply a discretization to Problem 3, and develop
a numerical algorithm to solve the resulting discrete version of the
problem. The discretization of Problem 3 converts the infinite-
dimensional optimization problem to a finite-dimensional one by
discretizing the time domain into equal time intervals and imposing
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kS;ED W) OCvk CclED, W) OCad ol

(53)
k CI:1..;N; j CT31..;ng

Note that Problem 4 defines a finite-dimensional second-order
cone program (SOCP) for any given N, and it can be solved very
efficiently with guaranteed convergence to the globally optimal
solution by using existing SOCP algorithms [14,15,17]. Here N
describes the time of flight t [NAt, and it is also a solution
parameter in Problem 4. It is also clear that there exists bounds
0 < tin <, such that

tmin EEI E@ax (5 4)

Actually some conservative bounds on t¢ can easily be obtained as
follows from the physical limitations imposed by the fuel mass Mg,
maximum and minimum thrust levels , and , and initial velocity
Q]

e COh PO, Mg o

2 1

tmiu

Because the time axis is discretized with a constant increment At, the
bounds in (55) imply bounds on N, that is,

Nmin [N I:N;lnax (56)
where

Npin Cind];,=AtCI T Npax Cind{] At (57)
and int[f gives the closest integer number to t and int(EL T 1.1

Remark 8: The available fuel mass is not considered to be a
constraint in the original trajectory optimization problem given by
Problem 1. We introduce this constraint in the rest of the paper to
account for this physical constraint as well as to obtain an upper
bound on the time of flight.

Remark 9: Here our objective is to obtain an optimal solution of
Problem 2 (which is also an optimal solution of Problem 1) by
numerically solving for an optimal solution of Problem 3. By
Lemma 2, this solution satisfies all the constraints of Problem 2,
which implies that it is a feasible solution of Problem 2. Note that, if a
solution of Problem 3 is found then, by using Theorem 1, there exists
an optimal solution of Problem 2. The difference between these two
problems is the approximation of the inequalities (32) by (34) and
(36), which is demonstrated to be very accurate for our purposes (see
Fig. 4 and the accompanying discussion). Consequently, an optimal
solution of Problem 3 is very close to an optimal solution of
Problem 2.

An optimal solution of Problem 3 is obtained by solving SOCP
described by Problem 4. Because Problem 4 describes an SOCP, its
numerical solution obtained by using an interior-point method is
guaranteed to be a globally minimizing solution [19]. Clearly
Problem 4 is a numerical approximation of Problem 3 that becomes
more accurate as the number of basis functions describing the control
input increases and At decreases. As a result, an optimal solution of
Problem 4 describes a feasible solution of Problem 2 that is very close
to an optimal solution of this problem for all practical purposes.

The following algorithm gives a numerical approach to obtain the
solution of Problem 4:

Algorithm 1: Apply a line search on positive integers N 2
M ins Npox [Bo minimize [N[3vhere [N [k defined by the solution
of Problem 4 for a given N as follows: Let

Fy CF12 IR™N: (3OEISI CISREISB Chold for g

then

YA more rigorous mathematical discussion on the approximation of
Problem 3 via Problem 4 as the number of basis functions increases and At
decreases is beyond the scope of this paper.

if Fy is empty
if Fy is nonempty (58)

1,
[NEE{:[nin!T ;
2Fn

The line search gives the optimum solution pair [N Hhand
corresponding [N Ghnd

1) If (0 Cet'cim,,,, [Cm},, the pair [N, Gdefines a valid
solution.

2) If M C&T"m,,, > My, then:

a) If s A, there is no feasible solution of Problem 4 due to
insufficient fuel.

b) If 1 there is no feasible solution of Problem 4 due to
insufficient thrusters.

Remark 10: In [2], it is shown that the minimum fuel and the
minimum time optimal solutions of a 1-D version of the soft-landing
problem are identical. We have a similar observation from our
simulations that the optimal time of flight t-— 1T N}At obtained from
Algorithm 1 is usually very close to the minimal feasible time of
flight for Problem 4, and the fuel cost is unimodal function (see [28]
for a definition of unimodal functions) of the time of flight. This
observation is used to efficiently implement the line search in
Algorithm 1 for the optimal time of flight.

V. Powered Descent Guidance Example

In this section, we present some powered descent examples for
Mars pinpoint landing. The simulations are carried out by using
SeDuMi [17,19] with a MATLAB interface.2* The problem
parameters are

g CIIB1114 000 m=s2
My 1905 kg |
T, CO3T;

Mgy, CI3D5 kg
; T 3 kN (59)
n 61 [271 deg

o [ 2706 s

T, COBT;

where T is the maximum thrust for each thruster. In the simulation
results given in Figs. 5 and 6, we present the time histories of the
velocity, position, acceleration, net thrust force components, throttle
level (which is between 0.3 and 0.8 in this case), and the angle
between the net thrust direction and the direction of gravity . An
additional constraint on the thrust direction at the final time tg is
imposed to be the opposite direction to the gravity vector, that is, the
second equality in (37) is imposed with

e C[0 0 O]

First we present a simulation, in which the constraint given by (7)
is notimplemented, in Fig. 5. The constraint given by (7) ensures that
the spacecraft does not fly subsurface. The position time history
given in Fig. 5 shows that the spacecraft actually flies subsurface in
t 2 [2b; 50&hen constraint (7) is not imposed. This example is then
repeated by imposing this constraint, and the results in Fig. 6 show
that the subsurface flight is eliminated. Also, a max-min-max type net
optimal thrust profile is observed from the simulation results, which
is a characteristic of the minimum fuel trajectories that is also implied
by Lemma 1. However, the trajectory touches the surface, that is,
XEH5T Ofbr some t— [3D; 40[Heconds as observed in Fig. 6. This
is not a practically acceptable solution even though it satisfies no-
subsurface flight constraint. A practical approach to solve this
problem is to introduce a glide slope constraint given by inequality
(11) with deg. The simulation results with the glide slope
constraint are given in Figs. 7 and 8, in which Fig. 8 shows the actual
trajectory with the glide slope constraint boundary. Clearly, the
optimal trajectory satisfies the control and the state constraints.

**Data available online at http://control.ee.ethz.ch/joloef/yalmip.msql
[retrieved 1 May 2004].
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Fig. 11 ry, =[5;0;0]" km, ry = [20; 0; 0]" m=s, t; =178 s, fuel usage = 303 kg with thrust pointing constraint.

enforced, VI U O for the first 14—15 s of the optimal trajectory
that violates (61), and the angle of violation is 90 deg. The
simulations including the thrust pointing constraint is given in
Fig. 11. The thrust pointing constraint is not exactly satisfied for the
first 12 s, but it is satisfied afterwards. The violation of the pointing
constraint in the first 12 s is due to the relaxation of the pointing
constraint described earlier, and the angle of violation is less than
5 deg, which was 90 deg when the constraint (61) was not imposed.
Note that, when the pointing constraint was not imposed, the optimal
trajectory was a straight line connecting the initial point to the final
one, and imposing the pointing constraint lead to a trajectory that is
not a straight line. Also, the optimal trajectory with the thrust
pointing constraint requires approximately 10 kg more fuel.

VII. Conclusions

In this paper, a powered descent guidance algorithm for Mars
pinpoint landing is developed. This algorithm is designed to solve the
minimum fuel trajectory optimization problem associated with the
pinpoint landing via a direct numerical method. Our main
contribution is the formulation of the trajectory optimization
problem with nonconvex control constraints as a finite-dimensional
convex optimization problem, specifically as a finite-dimensional
SOCP (second-order cone program). SOCP problems are a subclass
of SDP (semidefinite programming) problems that can be solved in
polynomial time with currently available algorithms. The SDP
solution algorithms, such as interior-point algorithms, compute a
global optimum very efficiently with a deterministic stopping criteria
and with prescribed level of accuracy. This is a particularly attractive
feature of the numerical solution algorithm because a generic
nonlinear programming algorithm cannot in general guarantee a
deterministic convergence to a global optimum for a nonlinear
optimization problem. Consequently, this guidance algorithm has
the potential for onboard implementation.

Future work needed for this algorithm can be summarized as
follows:

1) We used a generic solver to solve the SOCP problems, and did
not make specific effort to implement a SOCP algorithm tailored to
solve the Mars pinpoint landing guidance problem. Future work is
needed to implement such a SOCP algorithm to improve the speed of
the computations, so that the resulting software can be real-time
onboard implementable.

2) The constraints due to thrust direction must be further
investigated to guarantee their exact satisfaction (or at least quantify
the achievable limits of constraint satisfaction).

3) In this paper, we only presented an algorithm to solve the
powered descent portion of the Mars pinpoint landing guidance
problem. There is a parachute descent phase before the powered
descent. Specifically, the powered descent phase is initiated by
cutting the parachute off. Therefore, the optimal choice of the
parachute cutoff time is a critical problem, and we are currently
developing algorithms to determine this cutoff time based on the
powered descent algorithm presented in this paper. These results will
be the subject of a future paper.

4) The explicit consideration of the spacecraft attitude dynamics as
a part of the pinpoint landing guidance problem is another future
research objective (6-degree-of-freedom guidance problem).

5) A performance comparison study of this guidance algorithm
with currently available onboard implementable algorithms will be
useful to demonstrate the advantages of this convex approach. Such a
study must also include a clear quantification of the computation time
needed for the numerical optimization on a realistic onboard
computer. This study will potentially make a strong case to use this
guidance algorithm onboard a future spacecraft that will land on
Mars or the moon.
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