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ABSTRACT
This study evaluates a two-step autoregressive (AR)
filter for propagating the motion of a rigid gyrostat to
determine attitude, one that bypasses the rate-sampling
demands of classical attitude propagation by taking into
account special properties of this conservative system.
The two-step AR filter accommodates infrequent
angular-rate data and requires occasional vector
observations to provide attitude estimates at the instant
of measurement. It is based indirectly on identifying
the time-varying system angular-momentum in a body-
fixed reference frame, a vector that is constant in an
inertial frame, A priori knowledge of the angular-
momentum vector attitude and occasional single-vector
observations are sufficient for attitude estimation. If
the angular-momentum vector is unknown, it can be
identified and attitude estimated with observations of at
least two reference vectors. Simulations that
incorporate this AR method demonstrate that the filter
requires fewer floating-point operations than direct
Euler-parameter integration for a given accuracy.

INTRODUCTION
The problem of propagating a spacecraft's attitude
stems from the need to understand the spacecraft's
orientation in some inertial frame. This orientation
determines, for example, where a payload is pointed or
how a thruster maneuver is to be performed. For
spinning spacecraft, particularly for those subject to
environmental torques or actuator forces that alter the
inertial angular momentum, attitude propagation
problems are often addressed by filtering angular-
velocity data from gyros. The use of star trackers
provides some hope of instantaneous attitude estimation
at low spin rates; however, the technology has not
matured to the point where they can provide continuous
attitude estimates for dual-spin spacecraft or for
spacecraft that spin in transfer orbit, both of which

often spin too fast for attitude tracking with these
devices1'2.

Filtering the angular-velocity measurements to arrive at
attitude can take many forms3. A common technique is
integration of the Euler parameters, which parameterize
the S0(3) rotation group as

a2sin~

TI COSj ,

(1)

where a=[al a2 a3JT is the axis about which the
rotation takes place and $ is the angle of rotation. The
time derivative of q is

(2)

where co is a 3x1 column matrix of the body-frame (B)
components of the angular-velocity vector co. The
equation is linear in q, but the time-varying coefficients
co preclude an explicit solution except in special cases.
Thus, with sufficiently frequent measurements of co and
some given initial conditions on q, equation (2)
provides a means to propagate attitude.

No unambiguous three-parameter representation of this
group is both global and non-singular4. Using the four-
parameter set in equation (1) avoids this problem but
requires additional computation during integration. The
redundancy hi the four Euler parameters can be
constrained out with qTq=l, leaving only £ for example,
but we are then left with a sign ambiguity in
Tj=(l-/e)'/2. Choosing instead to integrate the
redundant four parameters is the common resolution of
this dilemma.
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However, propagating the attitude simply by integrating
equation (2) numerically is likely to result in drift
eventually, particularly if the measurements are
imperfect. To correct this inaccuracy, occasional
vector observations can be incorporated into the
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integration scheme so that the projection of attitude
onto the observed vector is updated periodically. In
applications, these corrections are often based on sun-
or earth-sensor detections. With the sensor alignment
known in the B frame, and a sun or orbital ephemeris to
provide components of the vector in the reference frame
R, the repeated observations can be used to realign q
more closely with the true attitude of B in R.

The central observation in this study is that these
methods can be computationally inefficient if the
attitude dynamics are already well understood. For
example, in the case of torque-free motion, the
conservative nature of the equations of motion provides
additional constraints on the attitude-propagation
equations that might lead to fewer computations. The
remainder of this discussion focuses on a way to reduce
computation by taking advantage of the fact that the
angular momentum of spinning spacecraft is usually
constant in R. If not constant, the angular momentum is
frequently subject only to small environmental torques
or to the impulsive disturbances (on the orbital time
scale) associated with AV burns and reorientation
maneuvers.
Algorithms for attitude determination typically assume
that the spacecraft system is in equilibrium. For
example, three-axis stabilized spacecraft benefit from
methods based on Wahba's loss function5. These
methods determine attitude from observations of
inertial vectors, usually in some optimal sense, and are
often found in applications that use star
trackers6'7'8'9'10'11. Spinning spacecraft often implement
earth-chord or earth-horizon detectors and sun sensors.
Applying spherical trigonometry to the this sensor data
provides a basis for estimating attitude, algorithms for
which are documented in a substantial body of
work12'13. The objective of the present study is to
evaluate a method for estimating the inertial
representation of the system angular-momentum vector
from infrequent vector observations for arbitrary
spinning attitude dynamics.

GYROSTAT EQUATIONS
First, we briefly recall the equations of motion for a
spinning spacecraft with wheels. Then, we show how
projecting inertial and body-frame vector observations
onto the momentum allows one to identify the system
mass properties and, consequently, the angular-
momentum vector. Simultaneously, these vector
observations can be used to estimate the components of
the angular-momentum vector in an inertial frame. The
result is a two-step estimator that decouples a nonlinear
problem into two linear ones. In the first step, discrete

angular-velocity measurements and vector observations
are used to estimate the rigid inertia matrix; in the
second step, the same observations are used to estimate
the direction of the angular momentum in an inertial
reference frame.

The system angular momentum of a rigid body (inertia
dyadic I) with wheels and no external torques is

where A is the vector of angular momentum in the
wheels or the rotor of a dual-spin satellite. Such a
system is known as a gyrostat—one whose mass
properties are constant for any motion of its
components, co is the angular rate of a body-fixed
reference frame B in an inertial reference frame R,
sometimes written Rcf. The absence of external torques
implies that

I-co(t)+h(t)=I-co(t-i)+h(t-i) (2)
for any two instantaneous values of co and h associated
with times t and /-/. In the discrete-time case, t and t-i
can be considered indices into a collection of
measurements whose sampling time is not necessarily
constant.

For an inertially fixed vector r,

+h (t)) =r - t-i) +h (t-i)) (3)

because H is also fixed in R. Equation (3) implies,
among other things, that the angle between r and H
remains constant. Let us assume that the components
of r are observed (measured) in the B axes and known
(via ephemerides) some inertial frame simultaneously.
We represent the B-frame measurement of each of they
observed vectors r, as the 3x1 matrix bj and each R-
frame measurement as the 3x1 matrix r,. We can also
represent the vector equation in (1) in matrix form,
where / is the 3x3 inertia matrix, and co(t) and h(t) are
3x1 matrices that contain the components of the
angular-rate and wheel-momentum vectors respectively
at the instant bj is measured. / is taken to include the
wheel inertia when wheel angular momentum is
computed from the wheel-to-body relative angular
velocity rather than its total velocity in R13.

LEAST-SQUARES MASS-PROPERTIES
IDENTIFICATION

The following discussion summarizes some existing
work in this area14. We offer only an abridged
derivation here. The first step in identifying the
angular-momentum attitude is to estimate the moments
of inertia, at least to the extent that they determine the
momentum. This step depends upon projecting
equation (3) onto the observed vectors. As a vector
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equation, equation (3) holds regardless of the frame in
which the vectors in it are expressed. Choosing the B
frame, we substitute the frame-specific measurement bj
of a single R-fixed vector at two times t and t-i to
reduce the vector equation to the following matrix
relation:

bj(t)TIai(t)-bj(t-i)TIta(t-i) =bj(t-i)Th(t-i)-bj(t)Th(t-i) (5)

Now, noting that Ia> can be written

r/v

3x3 3x1 3x66x1

cox 0 0 cof a>2 0
0 a>Y 0 cox 0 coz

0 0 a>z 0 cox 6)y
(6)

we define the measurement matrices

)- bj(t - i)Ta(t - (7a)

and
Bjft)= b} (t - ijh(t - i)-bj(fjhif) (7b)

under the assumption that only one of j=2 vectors is
available at a given instant: either the spacecraft-to-
earth vector, whose R representation is determined by
ranging; or the spacecraft-to-sun vector, whose R
representation is based on solar ephemeris. If both are
available at a given time, the matrix Aj(t) can be 2x6,
and B[(t) 2x1. Generally, components from any number
of vectors can be stacked in these measurement
matrices.

These equations suggest a performance index for a
recursive least-squares implementation:

I7(f,7)=

where
(8)

(9)

A. is a forgetting factor that allows I to change slowly
or infrequently by exponentially reducing the influence
of earlier measurements. Similarly,

(10)

s is a small positive number and is used to initialize an
error covariance matrix Pf.

The selection of s is based
fix<5

on
(11)

sensor noise and
sampling time but is likely adequate in the range 10"1 to
10"10. Note also that the exponential decay due to X (if
/1<1 is chosen) continually attenuates the influence of
P(0). Then the classical, regularized RLS algorithm
with exponential window is

' (13)
(14)

K,(t+l)=P!(

P, (t+l)=Z'[l-K, (t+l)A, (t+l)]P, (t) ,

leading to a difference equation in the parameters to be
estimated:

7(t+])= 7 (t)+KI(t+l)[B,(t+l)-A,(t+l) 7 (t)] , (15)

where / ft+1) is the updated value of the solution. For
the case of small-angle coning, in which the angular
velocity is only slightly perturbed from its equilibrium
value, the data may not be particularly rich for some of
the inertia components. Since we are ultimately
interested only in the angular momentum, failure to
estimate components of / that would multiply angular
velocity transverse to the spin axis is not a significant
loss. Conveniently, since the estimated quantities are
projected onto the angular-velocity vector, the inertia
components that affect the altitude estimate are those
for which the measurements are richest.

LEAST-SQUARES ATTITUDE
IDENTIFICATION

In the second step in the attitude estimation, the
estimated angular momentum vector is projected onto
the observed vectors. The one-way coupling of these
two estimation problems—inertia identification and
attitude identification—allows what might be stated as
a nonlinear dynamic programming problem to be
solved with two linear RLS estimators.

The B-frame angular momentum (Btf) at time t is
BH(t) =Ico(t) +h(t) = co(t)7 +h(t) . (16)

Let the components of the angular momentum in R
(where it is fixed) be denoted by the 3x1 matrix RH.
The projection of H onto a vector r, is equal in both of
any two frames. Therefore, the B frame and R frame
angular momentum representations are related by

rj(t)TRH(t)=b/t)TBH(t) . (17)
As more r vectors are available (e.g. as the spacecraft
orbits the earth and takes differing earth-vector
measurements), BH can be computed. In general, with
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an observation of each of arbitrarily many vectors that
happen to be available simultaneously,

M
KH = (18)

For compactness, let the measurement matrices in
equation (15) be AH(t) and BH(t). When rank(R)>2, the
solution may be useful. However, acceptable accuracy
likely requires hundreds, even thousands, of
measurements, resulting in a pseudoinverse:

RH = A+B (19)

The following performance index is used for posing the
attitude-estimation problem as another recursive-least
squares one.

if r - B
.2R rrT R f,H H

HJL H - BHJL it}}

where RH has been normalized so that RHTRH = 1
because the magnitude of the angular momentum is
irrelevant in this attitude-estimation problem. The other
terms are analogous to those defined in equations (9)
through (12), with

(21)

and

The RLS update equations are

KH(t+l)=PH(t)AH(t+l)[M+AH(t+l)PH(t)AH(t+l)r]-' (23)

PH(t+l)^Z'[l-KH(t+l)AH(t+l)]PH(t) (24)
RH(t+l)=RH(t)+KH(t+l)[BH(t+l)-AH(t+l)RH(t)] (25)

They can be computed at the same time as the inertia
parameters for a parallel least-squares solution. We re-
emphasize that the algorithm described above is
general—it applies to any spinning condition because
we have not restricted co in any way.
Singularities have been addressed elsewhere14, and this
paper does not repeat the discussion. An equilibrium-
spin solution for the formulation described above is
available, but an alternative is simply to guess one of
the inertia parameters. As the spacecraft approaches
equilibrium, only two of the six inertia parameters
remain observable, but three are necessary to compute

BH. The two are related to the magnitude and phase of
the equilibrium axis tilt from some other body reference
axis, such as [0 0 7]T. For example, in a body-fixed
frame in which the equilibrium angular-velocity vector
is [0 0 /2|T, two parameters are the products of inertia
that account for dynamic balance about that axis: 7:cz=-
hx/nand fyz=-hy/ Q. With some estimate of the inertia
about the spin axis, these two are all that is necessary
for an estimate of BH.

For convenience, the steps in the algorithm are
summarized below:

Select /I (choose A= 1 unless RH or / vary) (a)
Select e (large s stabilizes but slows convergence) (b)
Initialize P,(o}=s~2 1 (c)

6x6

Initialize PH(0)=£~2 1 (d)
Aj(t)= bj(tJS(t)- b£- iY$(t - i) (e)

S/0=6,(/-ifA(r-/)-MOXO (f)
Kjft+l)=P, (t)A!

T(t+J)[2]+AI(t+l)P!(t)A1
T(t+l)J-1 (g)

P, (t+l)=X'[l-K, (t+l)A, (t+l)]P, (t) , (h)

7 (t+l)= 7 (D+KJt+WBJt+U-AJt+l) I (t)] (i)
(j)
(k)

(m)
(n)

AH=rJ(t)'

PH(t+l)=Z'[l-KH(t+l)AH(t+l)]PH(t)
RH(t+l)=RH(t)+KH(t+l)[BH(t+l)-AH(t+l)RH(t)]

SIMULATIONS
Although steps (e) through (n) clearly involve more
computations than equation (2), the implementation of
the AR method can reduce the amount of data required.
Therein lies the computational efficiency. Once the
angular-momentum vector has been identified for a
torque-free body, occasional observations of a single
known vector can update the attitude without the need
for steadily processed data between vector sightings.
For a body subject to the applied torques typical of
spinning spacecraft, the forgetting factor 2. can be used
to maintain adequate attitude knowledge between
disturbances. Both implementations are demonstrated
through simulation below.

The simulated spacecraft has an inertia matrix

3000 -30 40
-30 4000 -50
40 -50 5000

kg-m2

The angular-velocity and wheel-momentum vectors are
initialized so that
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Bh =

_ 2

3
15

Nms

and
0
0

200
Nms

These initial conditions result in a time-varying spin
rate of roughly 0.35 RPM. To test the assertion that
this algorithm provides solutions even for intermittent
measurements, only one in 10 (10%) of the vector
observations and gyro measurements are considered to
be available to the estimator. The orbit is assumed to
be circular (for simplicity), with a twelve hour period.
The sun is near its summer solstice location in the ECI
frame. The inertia and momentum estimates are
initialized to zero, and the forgetting factor /t# is
constant at 0.9 so that the adaptive nature of the
algorithm becomes apparent. The mass properties are
assumed to be constant, so A.H is set to 1. 0.2% sensor
noise is included.

In each case, the evolving attitude is also propagated by
trapezoidal integration of the Euler-parameter
derivatives in equation (2). The number of MATLAB
floating-point operations (FLOPS) for the AR method
are compared to those used by Euler-parameter
integration.

Case 1. 90" Thruster-Based Reorientation
Maneuver

At the beginning of the simulation the attitude and
mass-properties estimator has converged, and the Euler
parameters are given the correct initial conditions.
Both the sun and the Earth are assumed to be visible to
the spacecraft's sensors. The spacecraft is then
subjected to an externally applied moment that tips the
angular momentum from R[0 0 200]T Nms to R[200 0
0]T Nms in five minutes. Figure 1 shows the angular-
velocity components during the maneuver. The
resulting error in estimating the angular-momentum
direction by the AR method is shown in Figure 2. In
Figure 3, convergence of the AR method's estimates of
the angular-momentum components in R are shown.
Figure 4 compares the accuracy of the AR method to
that of Euler-parameter integration for various
integration time steps. A nearly converged AR estimate
requires fewer computations to remain accurate.
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Figure 1. Body-Frame Angular-Velocity Components in raoVsec for
Case 1. Reorientation Maneuver Complete at t=4000.
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Figure 2. Error in AR Method's Attitude Estimates from Simulation
(degrees). Reorientation Maneuver Complete at t=4000.
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Figure 3. Convergence of Angular-Momentum Unit-Vector
Components Estimated by AR Method
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Figure 4. Comparison of Error in Attitude Estimates (degrees).
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For the calculations shown in figure 4, the AR method
uses on average one data point every 17 seconds or so.
This sampling rate is normalized to 1, and the sampling
rate used by Euler-parameter propagation is increased
by a factor of up to 16. Without occasional vector
observations, Euler-parameter propagation tends to drift
more at a lower sampling rates. Also shown on the plot
are the number of computations (as tallied by
MATLAB) used by each method in tracking the attitude
for the 30,000 seconds of simulated motion. An
MFLOP is one million floating-point operations.

Case 2. 90° Reorientation Maneuver due to 10 hours
of a Large Environmental Disturbance

At the beginning of the simulation the attitude and
mass-properties estimator has converged, and the Euler
parameters are given the correct initial conditions.
Both the sun and the Earth are assumed to be visible to
the spacecraft's sensors. The spacecraft is then
subjected to an externally applied moment that tips the
angular momentum from [0 0 200] Nms to [200 0 0]
Nms in 10 hours. This large an environmental torque is
unlikely for communications satellites or interplanetary

spacecraft, but it helps illustrate the utility of the AR
approach. Figure 5 shows the angular-velocity
components during the maneuver. Because the nutation
period is much smaller than the time scale of the plot
(60,000 seconds), oscillations in the transverse angular-
velocity components appear as thick lines.
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Figure 5. Body-Frame Angular-Velocity Components in rad/sec for
Case 2. Reorientation Maneuver Complete at t=40,000.

The resulting error in estimating the angular-
momentum direction by the AR method is shown in
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