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Simulating Waves in Flows by Runge-Kutta and
Compact Difference Schemes
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The solution procedure of the unsteady Euler equations by various combinations of Runge-Kutta (RK) methods
and compact difference (CD) schemes is investigated. Fourier analysis is performed on the fully discretized equation
to assess the numerical accuracy and stability. The results clearly show a significant improvement of numerical
characteristics by using the fourth-order CD scheme compared to the second-order one. Further increase of the
order of the spatial differencing, however, results in little improvement. For time marching, the fourth-order RK
scheme enlarges the time step for stable calculation as compared to a third-order one. Four numerical examples
are included: acoustic waves in a converging nozzle, shocked sound waves in a straight tube, a single vortex in
a uniform flow, and a vortex pairing. The fourth-order RK method combined with fourth- and sixth-order CD

schemes shows crisp resolution of unsteady flow structures.

Nomenclature

= acoustic admittance

cross-sectional area

speed of sound

= speed of sound at a choked nozzle throat
= inviscid flux

= inviscid flux in / direction

= CFL number

= amplification factor

= source term vector of the flow equations
= boundary condition vector

= nondimensionalized wave number

= Mach number

= amplitude of pressure wave

= pressure

= pressure of base flow

= pressure fluctuation of a wave

= flow variable vector

= inhomogeneous term in the RK scheme
= radial coordinate

= time coordinate

amplitude of velocity wave

velocity in x direction

velocity of base flow in x direction

= velocity fluctuation in x direction
velocity of base flow in y direction
velocity fluctuation in y direction

= streamwise coordinate

Fourier symbol of the discretized convective term
nondimensionalized distance

artificial dispersion

nondimensional artificial dispersion
normalized frequency

specific heat ratio

spatial difference operator

coefficient of added artificial damping

*
nn

Bty o R
I

T

T RO

S ey R
[} H |

S SR TWROR N N®
I

Received May 6, 1994; revision received Oct. 21, 1994; accepted for
publication Oct. 27, 1994. Copyright © 1994 by the American Institute of
Aeronautics and Astronautics, Inc. No copyright is asserted in the United
States under Title 17, U.S. Code. The U.S. Government has a royalty-free
license to exercise all rights under the copyright claimed herein for Govern-
mental purposes. All other rights are reserved by the copyright owner.

*Senior Research Engineer, Combustion and Icing Section, NASA Lewis
Research Center. Member AIAA.

*Senior Scientist, Microgravity Section, NASA Lewis Research Center.

#Senior Research Engineer, Computational Physics Section, NASA Lewis
Research Center. Student Member AIAA.

421

= phase angle of the acoustic admittance
= prescribed value of boundary condition
= density

= nondimensionalized time
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I. Introduction

OR unsteady flows, the phase velocities and harmonic content

of numerical results are of concern. As a result of the dis-
cretization procedure, however, the simulated waves propagate in
a dispersive and dissipative numerical medium. Consequently, the
numerical characteristics of the scheme employed, such as the dis-
persive relation and the associated artificial damping, may greatly
impact the numerical accuracy.

Recent development of time-accurate solutions of flowfields re-
lated to aeroacoustics has rekindled the use of high-order compact
difference (CD) schemes. According to Colatz,' the CD scheme is
Hermite’s generalization of Taylor’s series. As a contrast to the con-
ventional central difference schemes, the CD methods use less grid
nodes for high-order discretization. In the past, due to this unique ad-
vantage, many researchers used the CD schemes in solving various
flow problems. Hirsh? employed a fourth-order CD to solve bound-
ary layers and driven cavity flows. Agarwal® used the fourth-order
CD to solve the Navier-Stokes equations for driven cavity flows.
Harten and Tal-Ezer* studied the conservation property of the CD
scheme for shock capturing. Philips and Rose® used varions CD
methods to solve the shock tube problem. Ciment and Leventhal®
used the CD scheme for two-dimensional wave propagation.

More recently, Lele’ applied the CD methods to simulate flowfield
related to aeroacoustics. In his paper, CD schemes up to the 10th or-
der were tabulated and Fourier analysis of a semidiscretized equation
was performed. Since the time derivative was kept in an analytical
form, Lele’s analysis showed only the difference of CD schemes.
Numerical characteristics of the Runge-Kutta (RK) time marching
methods combined with CD schemes are still largely unclear. As a
result, Lele solved the Navier—Stokes equations to simulate waves in
flows and resorted to physical viscous terms for numerical stability.
In addition, given a long list of CD schemes at high orders, it was
unclear which one should be adopted for reasonable simulations.

In the present paper, we solve the quasi-one-dimensional and two-
dimensional Euler equations by the RK methods for time marching
and CD schemes for the spatial discretization. Fourier analysis is per-
formed on the fully discretized equation to assess the numerical char-
acteristics of various combinations of RK methods and CD schemes.
Specifically, third- and fourth-order RK methods are considered for
time marching. For spatial differencing, a conventional second-order
central differencing (CD2), a fourth-order Pade’s method (CD4),
and a sixth-order CD scheme (CD6) are considered. This work is



























